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[1] Traditional analysis of aquifer tests uses the observed drawdown at one well, induced
by pumping at another well, for estimating the transmissivity (T) and storage coefficient
(S) of an aquifer. The analysis relies on Theis’ solution or Jacob’s approximate
solution, which assumes aquifer homogeneity. Aquifers are inherently heterogeneous at
different scales. If the observation well is screened in a low-permeability zone while the
pumping well is located in a high-permeability zone, the resulting situation contradicts
the homogeneity assumption in the traditional analysis. As a result, what does the
traditional interpretation of the aquifer test tell us? Using numerical experiments and a
first-order correlation analysis, we investigate this question. Results of the investigation
suggest that the effective T and S for an equivalent homogeneous aquifer of Gaussian
random T and S fields vary with time as well as the principal directions of the effective T.
The effective T and S converge to the geometric and arithmetic means, respectively, at large
times. Analysis of the estimated T and S, using drawdown from a single observation
well, shows that at early time both estimates varywith time. The estimated S stabilizes rapidly
to the value dominated by the storage coefficient heterogeneity in between the pumping
and the observation wells. At late time the estimated T approaches but does not equal the
effective T. It represents an average value over the cone of depression but influenced by
the location, size, and degree of heterogeneity as the cone of depression evolves.
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1. Introduction

[2] The transmissivity (T) and storage coefficient (S) are
two important properties that control groundwater flow in
aquifers and are of practical importance for water resources
development and management. Traditionally, these aquifer
properties are determined by collecting drawdown time data
of the aquifer induced by pumping, and then matching the
data with analytical solutions, which assume homogeneity of
the aquifer. Theis’ solution [Theis, 1935] is one of the
commonly used analytical solutions in aquifer tests. It is
derived from the equation of unsteady radial, horizontal,
groundwater flow in a confined aquifer with constant Tand S.
Although the Theis solution is strictly applicable only to such
idealized flow and aquifer conditions, it has been widely used
in the field to estimate aquifer properties given drawdown
time data from an observation well during an aquifer test.
[3] Radial flow in heterogeneous aquifers has been stud-

ied by many researchers in the past [see Meier et al., 1998].
In particular, Butler and Liu [1993] derived an analytical

solution for the case of transient, pumping-induced draw-
down in a uniform aquifer into which a disk-shaped
inclusion of anomalous properties (different T and S) has
been placed. They found that changes in drawdown are
sensitive to the hydraulic properties of a discrete portion of
an aquifer for a time of limited duration. After that time, it is
virtually impossible to gain further information about those
properties. They concluded that constant rate pumping tests
are not an effective tool for characterizing lateral variation
in flow properties. Oliver [1993] derived the Fréchet
derivatives and kernels to study the effect of areal variations
in T and S on drawdown at an observation well. He
concluded that small-scale variation in T near the well bore
can influence the late time drawdown at distant observations
depending on the location of the nonuniformity. Interpreta-
tion of a drawdown anomaly might be difficult because the
effect on the drawdown derivative of a spatially small near-
well nonuniformity is similar to the effect of a spatially
large nonuniformity located farther from the well bore.
Meier et al. [1998] conducted numerical simulations of
pumping tests in two-dimensional horizontal aquifers with
spatially varying T and a constant S. Analyzing the simu-
lated drawdown at observation wells at various distances
from the pumping well, they found that the estimated T
from late time drawdown data using the Cooper-Jacob
method [Cooper and Jacob, 1946] is very close to the
effective T of the medium for uniform flows, practically
independent of the location of the observation point.
Sánchez-Vila et al. [1999] conducted an analytical study
of drawdown under flow toward a well in heterogeneous
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aquifers of spatially varying T with a constant S. Using
Jacob’s method, they showed that estimated T values for
different observation points tend to converge to the effec-
tive T derived under parallel flow conditions. Estimated S
values, however, displayed higher variability but the geo-
metric mean of the estimated S values could be used as an
unbiased estimator of the actual S.
[4] Using an analytical stochastic approach, Indelman

[2003] investigated the unsteady well flow in heterogeneous
aquifers by modeling the hydraulic conductivity (K) as a
three-dimensional stationary random function of axisym-
metric anisotropy and Gaussian correlations. He assumed
that the aquifer thickness is uniform and much greater than
the vertical correlation scale of K, and specific storage Ss is
a deterministic constant. Then, closed-form approximations
of the ensemble mean drawdown were derived. He showed
that the T estimated based on the ensemble mean drawdown,
using the Cooper-Jacob asymptotic, is precisely the effec-
tive conductivity for uniform horizontal flow.
[5] These studies in general have suggested that the

conventional Cooper-Jacob method is viable for estimating
mean parameter values in heterogeneous aquifer from late
time data, or a long duration of pumping. These studies,
however, have not investigated effects of the variability of S
on the T and S estimates, nor do they examine the behaviors
of T and S estimates at early times. The behaviors of T and S
estimates at early times can be important because an
extended pumping could include effects of large-scale
heterogeneity, as well as boundary effects. More impor-
tantly, few studies have examined the meaning of estimated
S for heterogeneous aquifers. Even if they have, they have
assumed that aquifers are made of spatially variable T and a
spatially uniform S. Since the storage coefficient is the key
parameter for evaluating groundwater availability in a basin,
knowing the real meanings of the estimate of S in aquifers
with heterogeneous S is of critical importance to ground-
water resource management.
[6] Therefore previous numerical and theoretical analyses

are incomplete. A practical but important question remains:
What kind of estimates of the properties do we obtain from
either early or late time drawdown data from an individual
observation well in a heterogeneous aquifer? Also, do the
estimates reflect the local properties near the observation
well, some averaged properties between the pumping well
and observation well, or none of the above?
[7] To answer these questions, this paper develops two

theoretically consistent methods (i.e., distance drawdown
and spatial moments) to estimate the effective transmissivity
(Teff) and storage coefficient (Seff) values for radial flow in a
given aquifer, as opposed to an ensemble of aquifers. Using
numerical simulations and cross-correlation analysis, we
investigate effects of heterogeneity in both T and S on the
analysis of traditional aquifer tests using the Theis analytic
solution.

2. Effective Parameters of Heterogeneous Aquifer

[8] Consider a two-dimensional (2-D) flow equation
with horizontally varying transmissivity, T, and storage
coefficient, S:

r � Trhð Þ ¼ S
@h

@t
ð1Þ

where h(xi, t) is the hydraulic head, xi (where i = 1, 2) and t
are spatial coordinates and time, respectively. The head, h,
is the depth-averaged head, equivalent to the head observed
in a fully penetrating and screened well. We choose the 2-D
depth integrated model because the variability in T and S
includes not only the multiscale heterogeneous nature of the
aquifer hydraulic properties but also the variation in
thickness of the aquifer, which is difficult to implement in
a 3-D analysis.
[9] If both T and S are conceptualized as spatial stochastic

processes, equation (1) then can be written as

r � T þ T 0� �
r hþ h0
� �� �

¼ S þ S0
� � @ hþ h0

� �
@t

ð2Þ

where the overhead bar and prime represent mean and
perturbation of the variable, respectively. Taking the
expected value (ensemble average) of equation (2) leads to

r � Trh
� �

þ E r � T 0rh0½ 	h i ¼ S
@h

@t
þ E S0

@h0

@t

� �
ð3Þ

If the second term on the left-hand side of equation (3) is
assumed to be proportional to the mean hydraulic gradient,
the left-hand side then can be expressed as

r � Trh
� �

þr � E T 0rh0h i ¼ r � T þ E T
0rh0

D E
rh
� ��1

	 

rh

h i
¼ r � Teffrh

� �
ð4Þ

where Teff = T + E T 0rh0h i rh
� ��1

is the effective
transmissivity of the heterogeneous aquifer. Similarly,
assuming the second term on the right-hand side is
proportional to the change in mean hydraulic head, the
right-hand side can be expressed as

S
@h

@t
þ E S0

@h0

@t

� �
¼ S þ E S

0 @h0

@t

� �
@h

@t

 ��1
 !

@h

@t
¼ Seff

@h

@t

ð5Þ

where Seff = S + EhS0@h
0

@t
i/@h
@t

is the effective storage

coefficient of the aquifer. Using equations (4) and (5), the
ensemble mean flow equation for the heterogeneous aquifer
takes the following form:

Teffr2h ¼ Seff
@h

@t
ð6Þ

in which Teff and Seff are ensemble effective hydraulic
properties, which become spatially constant after an
excitation has propagated for a period of time (analogous
to Talyor’s [1921] analysis of diffusion). The spatially
constant properties are attributed to the highly diffusive
nature of the head process. In equation (6), h is the
ensemble mean head for the 2-D heterogeneous aquifer.
[10] In order to apply equation (6) to a heterogeneous

aquifer (one single realization of the ensemble), the aquifer
can be conceptualized as an equivalent homogeneous
medium either in the ensemble mean or in the spatial
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average sense. In the ensemble sense, the Teff and Seff
ensemble effective parameters with equation (6) yields the
ensemble mean head, h, which represents the average head
of many realizations of possible heterogeneous aquifers.
The mean head will equal the spatially averaged head in a
heterogeneous aquifer (one realization) if ergodicity exists.
In other words, the two heads will be equivalent if the area
that defines the spatial average head encompasses most of
the heterogeneity in the aquifer. This area in general must be
many times the correlation scale of the heterogeneity. Under
the ergodic condition, the heterogeneous aquifer can be
treated as a spatially homogeneous medium with uniform
Teff and Seff (i.e., effective parameters for the equivalent
homogeneous aquifer). These properties are similar to (but
not equal to) those defined in an REV (representative
elementary volume) for homogeneous media in the
classical groundwater hydrology. The REV is defined as
a control volume, or control volumes, whose volume-
averaged hydraulic properties are representative of every
part of the field medium regardless of the location of the
control volume in the medium [Bear, 1988; de Marsily,
1986].
[11] As discussed above, equation (6) is valid for a single

realization if the ergodicity of head exists in the field.
However, an observed head at a well in a heterogeneous
aquifer merely represents a point measurement (i.e., apples),
which is different from the spatially averaged head (i.e.,
oranges) that satisfies the ergodicity assumption embedded
in equation (6). Despite this inconsistency, hydrologists
have frequently used the Theis solution, built upon equation
(6), to estimate effective aquifer parameters of a heteroge-
neous aquifer using the drawdown at an observation well.
So, are we comparing apples to oranges?

2.1. Traditional Analysis of Aquifer Tests

[12] Suppose that the head observed in a well is indeed
equivalent to the head (h) in equation (6). The solution of
equation (6) with auxiliary conditions in terms of drawdown
caused by pumping at a well is [Theis, 1935]

s ¼ Q

4pTeff
W uð Þ; u ¼ Seff r

2

4Teff t
; W uð Þ ¼

Z 1

u

e�x

x
dx: ð7Þ

where s(r, t) = h(r, t) � h0(r, t), h0 is the head before
pumping, and s(r, t) is the drawdown at time t and a radial
distance r from the pumping well.
[13] To estimate Teff and Seff parameters, a nonlinear least

squares minimization approach is often applied to minimiz-
ing the following objective function

Xn
j¼1

s r; tj
� �

� s* r; tj
� �� �2 ð8Þ

where s(r, t) and s*(r, t) are the theoretical drawdown in an
equivalent homogeneous aquifer predicted by equation (7),
and the observed drawdown at a distance r from the
pumping well in an aquifer at time tj, respectively; j is an
index of the observation time; n is the total number of
observation times. Since the observed head may not satisfy
the ergodicity assumption, the validity of using traditional
analysis for estimating Teff and Seff parameters becomes the
question. We will thus distinguish the estimated T and S

based on the traditional analysis using the symbols, T̂ and Ŝ,
from the effective properties, Teff and Seff.

2.2. Drawdown Distance Analysis

[14] In accordance with the aforementioned effective
property theory, if the drawdown is a point measurement
in a heterogeneous aquifer, it is then necessary to fit
equation (7) to the drawdown data everywhere in the aquifer
so that values of Teff and Seff, consistent with the theory of
Theis, can be sought. That is, one should seek the parameter
values to minimize the following objective function:

X
i

s ri; tð Þ � s* ri; tð Þ½ 	2 ð9Þ

where s(ri, t) and s*(ri, t) are the theoretical drawdown in an
equivalent homogeneous aquifer predicted by equation (7)
and the observed drawdown at an observation well at a
distance ri from the pumping well in an aquifer at a given
time t, respectively. The sum of the difference squared is
applied at every point, i, in the aquifer at a given time. If Teff
and Seff values are spatially uniform parameters, then their
estimates based on equation (9) should be time invariant.
This is a correct approach for defining the effective
parameters for an equivalent homogeneous formation as
demonstrated by Bosch and Yeh [1989] and Yeh [1989] for
effective hydraulic properties for unsaturated porous media.
Therefore correct effective hydraulic properties used in the
flow equation that assumes homogeneity should only yield
unbiased predictions of overall (mean) system responses,
but not their details. In fact, this is the approach commonly
called drawdown distance analysis in the analysis of aquifer
tests [Walton, 1970]. This approach has, in practice, rarely
been used because of the number of observation wells is
typically limited. Nevertheless, this approach is possible in
this study because numerical experiments are employed in
which drawdown everywhere in a simulation domain is
known. Thus equation (9) is used to derive the theoretically
correct Teff and Seff values.

2.3. Spatial Moment Analysis of the Drawdown
Distributions

[15] Parallel to the drawdown distance analysis, we here
introduce a spatial moment approach to determine the Teff
and Seff values. To quantify the spread of the drawdown at
different times, the spatial moments [Aris, 1956] can be
used:

Mij tð Þ ¼
Z þ1

�1

Z þ1

�1
s x; y; tð Þxiy jdxdy ð10Þ

where s(x, y, t) represents the drawdown at a given time t at
a location x and y. The zeroth, first, and second spatial
moments correspond to i + j = 0, 1, and 2, respectively. The
zeroth moment (M00) represents the change in volume of the
cone of depression (i.e., drawdown) caused by pumping.
The center of mass location (xc, yc) of the cone of
depression (the location of the pumping well) at a given
time is represented by

xc ¼ M10=M00 and yc ¼ M01=M00 ð11Þ
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The spread of the cone about its center is described by the
symmetric second spatial variance tensor:

s2 ¼
s2xx s2xy

s2yx s2yy

2
4

3
5 s2xx ¼

M20

M00

� x2c s2yy ¼
M02

M00

� y2c

s2xy ¼ s2yx ¼
M11

M00

� xcyc

ð12Þ

Ye et al. [2005] applied this moment approach to snapshots
of moisture plumes to study moisture plume dynamics at the
Hanford site, Washington.
[16] Suppose Teff and Seff values are spatial constants as in

equation (6), the equation then can be rewritten as a
diffusion equation with a constant diffusivity, Deff = Teff/Seff:

Deffr2h ¼ @h

@t
ð13Þ

This equation is identical to the diffusion equation for
solutes. Following Fisher et al. [1979], the diffusivity tensor
can be related to the rate of change in the second spatial
moments of the drawdown distribution induced by pumping:

Dxx
eff ¼

1

2

@s2xx
@t

; D
yy
eff ¼

1

2

@s2yy
@t

; and D
xy
eff ¼ D

yx
eff ¼

1

2

@s2xy
@t

ð14Þ

where Deff
xx and Deff

yy are the diagonal components and Deff
xy and

Deff
yx are the off-diagonal components of the effective

diffusivity tensor.
[17] Then Seff is the ratio of the pumping rate, Q, to the

rate of change in the zeroth moment, assuming that flow
contributing to the Q is entirely from the cone of depression.
Next, according to equation (14) and the estimated Seff, the
effective transmissivity tensor components thus can be
calculated and the anisotropy in effective transmissivity
can be determined. Yeh et al. [2005] applied a similar
approach to determining the 3-D effective unsaturated
hydraulic conductivity tensor using snapshots of a moisture
plume in the vadose zone at the Hanford field site in
Richland, Washington.

2.4. First-Order Cross-Correlation Analysis

[18] To gain insight of the meaning of the T̂ and Ŝ
obtained from the traditional aquifer test and analysis, a
first-order cross-correlation analysis is carried out. The
purpose of this analysis is to show the relation between
the head behavior at an observation well with T and S values
anywhere of an aquifer during flow induced by a pumping
well.
[19] Expanding the hydraulic head at a location in equa-

tion (1) in a Taylor series about the mean values of
parameters, and neglecting second- and higher-order terms,
the head perturbation at location i at a given time t can be
expressed as

h0i ¼ T 0
j

@hi
@Tj

T ;S

�� þ S0j
@hi
@Sj

T ;S

�� ¼ T0JhT þ S0JhS ð15Þ

where T0j and S0j are perturbation of T and S at location j and
j = 1, . . .N, which is the total number of elements in the

domain;
@hi
@Tj

and
@hi
@Sj

are the sensitivity of h at location i at a

given time t with respect to T and S perturbation at location

j. The sensitivity terms in equation (4) are calculated by the
adjoint state method [Sykes et al., 1985; Li and Yeh, 1998;
Zhu and Yeh, 2005]. Assuming T and S are mutually
independent from each other, the covariance of h0, the
cross covariance of h0 and T0 and the cross covariance of h0

and S0 can be expressed [see Hughson and Yeh, 2000],
respectively, as

Rhh xi; xj; t
� �

¼ JhTRTT xi; xj
� �

JThT þ JhSRSS xi; xj
� �

JThS

RhT xi; xj; t
� �

¼ JhTRTT xi; xj
� �

ð16Þ
RhS xi; xj; t
� �

¼ JhSRSS xi; xj
� �

The cross covariances, RhT and RhS, are then normalized by
the square root of the product of the variances of h at t and T
or those of h at t and S to obtain their corresponding cross
correlation at locations i and j at time t. The cross
correlation represents how the head perturbation at location
i at a given time is influenced by the T or S perturbation at
location j. With a given mean T, S and a pumping rate, these
cross covariances are evaluated numerically using the
algorithm in the hydraulic tomography inverse model
developed by Zhu and Yeh [2005] based on an earlier work
by Hughson and Yeh [2000]. While it is similar to the
perturbation analysis by Oliver [1993], the cross-correlation
analysis is numerical and includes correlation structures of T
and S.

3. Numerical Experiments and Analysis

[20] The procedure for the numerical experiment consists
of the following steps: (1) generating one realization of 2-D
heterogeneous T and S fields (they are perfectly correlated
with each other), (2) simulating flow to a well in this
realization, using variably saturated flow and transport in
two dimensions (VSAFT2) [Yeh et al., 1993], (3) conduct-
ing the drawdown distance and spatial moment analyses to
determine the Teff and Seff of the realization, (4) obtaining T̂
and Ŝ using the traditional approach based on the drawdown
time data from individual observation wells in this aquifer,
and (5) geometrically and arithmetically averaging the
values of T and S of each finite element within the cone
of depression during pumping to derive TGave and SGave,
and TAave and SAave, respectively, and comparing these
averages with Teff and Seff, and T̂ and Ŝ.
[21] The synthetic heterogeneous aquifer is square in

shape, and is discretized into 50 � 50 square elements
and bounded by constant head boundary conditions. Each
element is 40 cm in length. The pumping well is located at
the center of the simulated field. The observation wells are
assigned in four radial directions for determining T̂ and Ŝ.
Figure 1 shows the layout of the numerical experiment and
the locations of the wells.
[22] The synthetic T and S fields, which have similar

properties to the study of Jonse et al. [1992], were generated
on the 40 cm � 40 cm grid, using a Gaussian random field
generator by Gutjahr [1989]. The geometric mean value of
T is given as 0.00184 cm2/s (arithmetic mean = 0.00844).
The value of LnT variance (slnT

2 ) considered in this analysis
is 3.25. The geometric mean of S is given as 0.0014
(arithmetic mean = 0.00865), and the value of LnS variance
(slnS

2 ) is 3.93. The correlation scale is 80 cm in both x and y
directions. The spatial distribution of the generated T field is
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illustrated in Figure 1. The spatial distribution of S has the
same variation pattern as the T field. The pumping rate is a
constant, 1 cm3/s. The small mean T value is used to avoid
rapid propagation of the cone of the depression to the
boundary. The large variances are used to underscore the
questions we raised earlier.

3.1. Effective Properties, Teff and Seff, of
Heterogeneous Media

[23] Figure 2 shows the contour of highly irregular head
distribution after pumping for one day in the synthetic
heterogeneous aquifer. The concentric circles indicated by
the dash-dotted lines indicate the head distribution in an
equivalent homogeneous aquifer with the estimated Teff and
Seff derived from the distant drawdown analysis (discussed
later in this section). Figure 2 demonstrates that the effective
parameters do not reproduce the exact drawdown distribu-
tion in a heterogeneous aquifer, but only the overall draw-
down behavior in the aquifer. This leads to the salient
question that we posed earlier: If the drawdown in a
heterogeneous aquifer cannot be predicted by the Theis
approach, why do we force the Theis solution to match the
drawdown observed at a point in a heterogeneous aquifer to
derive the effective hydraulic properties of the aquifer? Are
we comparing apples to oranges? If so, what do the
estimates mean?
[24] As discussed in section 2.2., the drawdown distance

analysis is consistent with the equivalent homogeneous
aquifer concept embedded in Theis’ solution. On the basis
of this premise we apply equation (9) to the simulated head
values at every node of the synthetic aquifer to derive Teff
and Seff. Figure 3 shows the estimated Teff values (normal-
ized by the geometric mean of the entire domain) as a
function of pumping time. As postulated by Yeh [1998] on
the basis of a diffusion concept [Taylor, 1921], the value of
Teff varies with time. Its value is greater than the geometric
mean (0.00184) of the entire aquifer at early time, then
approaches and equals the geometric mean at large time.
[25] The normalized Seff values (the estimates divided by

the geometric mean of S values, 0.0014, in the aquifer) in

Figure 4 show that Seff varies with time and approaches the
arithmetic mean (0.00865) of the field at large time. This
can be attributed to the fact that the effective storage
coefficient is not affected by flow (see section 3.4, dis-
cussion of Figure 9b). This finding agrees with the result of
the analysis by Chrysikopoulos [1995] in which the effec-
tive specific storage is reported to equal its volume average.
[26] Besides the drawdown distance analysis, we calcu-

lated the TGave and SGave values using geometrical averages
of values of T and S, as well as the arithmetic average of T
and S values (i.e., TAave and SAave, respectively) of each
element within the cone of depression. The cone of depres-

Figure 1. Illustration of the synthetic heterogeneous T
(cm2/s) field used in the analysis.

Figure 2. Head distribution in the heterogeneous and
equivalent homogeneous aquifers after one pumping for
24 hours.

Figure 3. Effective transmissivity, Teff, geometrically and
arithmetically averaged transmissivity, TGave and TAave, over
the cone of depression, Tmx0 and Tmy0, in the principal
directions, estimated using the moment approach, and
transmissivity estimated from the pumping well, Tpump.
Notice a log scale is used for the vertical axis.
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sion is defined as the area where drawdown is greater than
zero. The number of T and S values included in the average
increases as the cone of depression expands. Normalized
TGave and, TAave values are shown as diamonds and squares,
respectively, in Figure 3 as a function of time. Figure 4
shows the evolution of SGave and, SAave (diamond and
square, respectively). While both TGave and SAave values
are different from Teff and Seff at early time, they agree with
Teff and Seff at large time. The SAave value however takes a
longer time to approach Seff than the TGave value. Further-
more, the SAave values are much closer to Seff at all times
than the SGave values.
[27] These results suggest that: 1) an REVexists when the

area of averaging is much greater than many times the
correlation scale of the heterogeneity; and 2) at early time
the flow is nonergodic and cannot be described by equation
(6). Only at large time does the flow becomes ergodic,
equation (6) becomes valid, and the Teff and Seff values
based on equation (6) coincide with those of the REV (see
section 2).
[28] The second spatial moments of the simulated draw-

down at different time in the heterogeneous aquifer are
plotted in Figure 5. The spatial variances in x and y
directions are different, and initially increase nonlinearly
with time and then linearly after time is greater than
20,000 s. The xy component of the spatial variance tensor
decreases from zero and then increases and becomes greater
than zero. These results suggest that the overall shape of the
cone of depression is slightly elliptic and its principal
directions vary with time. On the basis of the slopes of the
linear portions of the spatial variances and equation (14) we
found that Deff in the x, y, and xy directions are 0.2278,
0.1917, and 0.04695 cm2/s, respectively. After coordinate
transformation, the Deff in the principal directions, x0 and y0,
are 0.260 and 0.159 cm2/s, respectively, indicative of anisot-
ropy in the effective diffusivity. This anisotropy is a mani-
festation of the effect of local heterogeneity even though the

medium is statistically isotropic. The plot of Tx0 and Ty0 are
shown in Figure 3 and the estimated S based on the spatial
moment method is shown in Figure 4. This result agrees with
the values of Teff and Seff found by our drawdown distance
analysis, which assumes isotropic effective properties. Like-
wise, the nonlinear behavior of the second spatial moments,
concurring with the results of the drawdown distance
analysis, is indicative of the nonexistence of an REV and
nonergodic head fields (i.e., the effective properties vary
with time during the early stage of the pumping test).

3.2. Estimation of ^̂̂T and ^̂̂S From the Pumping Well

[29] A common practice in aquifer tests is to estimate
parameters from the drawdown time data obtained from the
pumping well. Figure 3 shows that when the pumping time
is sufficiently long, the T̂ estimated using the drawdown at
the pumping well approaches Teff, but is lower than Teff.
Conversely, the estimated Ŝ at the pumping well shows
greater deviation from Seff than T̂ (see Figure 4).

3.3. Estimates Based on the Drawdown From a
Single Observation Well

[30] In the following analysis, observation wells are
assigned at different radii (28.28, 84.85, 141.42, and
197.99 cm) in four directions: NE, SE, SW, and NW
(Figure 1). Well drawdown time data from these wells are
analyzed using the traditional drawdown time analysis
(equation 8) to obtain T̂ and Ŝ values.
[31] The normalized T̂ values (the estimate divided by the

geometric mean of the T field) from drawdown of four wells
at radius r = 84.85 cm are shown in Figure 6. Unfilled
circle, diamond, triangle, and square symbols denote the
estimates from the wells in the NE, SE, SW, and NW
directions, respectively. The dash-dotted line in the Figure 6
denotes Teff. According to Figure 6, the T̂ values estimated
from individual observation wells evolve with time. At early
time, each well yields dramatically different estimates. They
eventually approach the Teff value at large time but are
smaller and bear the same high and low orders of the T̂
values as those at early time. Although not shown here, T̂

Figure 4. Effective storage coefficient, Seff, geometrically
and arithmetically averaged storage coefficients, SGave and
SAave, over the cone of depression, and storage coefficient
estimated from the pumping well, Tpump.

Figure 5. Spatial variances of the drawdown.
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values from observation wells located at a greater radius
have similar behaviors as in Figure 6. However, they exhibit
greater variability than those in Figure 6 at early times, and
take longer to approach the Teff value. This finding is
consistent with that of Meier et al. [1998] and Sánchez-Vila
et al. [1999] in that the values of T̂ estimated from different
wells tend to be fairly constant.
[32] In Figure 6, solid circles, diamonds, triangles, and

squares (connected by vertical lines) denote locally aver-
aged T values around the observation wells in NE, SE, SW,
and NW direction, respectively. Five different averages are
shown for each well; they represent the geometrically
averaged T values over 4, 16, 36, 64, or 100 elements
surrounding the well. As illustrated, T̂ values based on the
early time observed drawdown at each well do not neces-
sarily correlate with the locally averaged T values. At large
time, the stabilized T̂ values maintain their high/low orders
and do not corroborate well with the locally averaged
transmissivity values (see section 3.5 for explanation).
[33] Figure 7 shows the normalized Ŝ values (i.e., the

values divided by the arithmetic mean of the S field) based
on the drawdown from the wells in the four directions at r =
84.85 cm. Overall, high variability is found for Ŝ as reported
by Sánchez-Vila et al. [1999] although they assumed
uniform S fields. Initially, Ŝ values vary but quickly
stabilize at values that are significantly different from Seff.
Again, the solid circle, diamond, triangle, and square
symbols connected by lines represent the arithmetically
averaged storage coefficient values based on the five
different groups of elements surrounding the observation
wells. Unlike the T̂ values, these Ŝ values appear to be
strongly correlated with the arithmetically averaged values
around the observation wells.

3.4. Diagnostic Experiments

[34] To further elucidate the aforementioned results, an-
other experiment was conducted. Figure 8 shows the layout
of the new experiment; four distinct blocks (B1 to B4) of

different hydraulic properties are embedded in an aquifer of
uniform properties. Two scenarios are considered. In case 1
the storage coefficient is assumed to be constant (S = 0.06)
for the entire field, including those of the four blocks, while
the transmissivity values of the four blocks from B1 to B4
are 0.1, 0.01, 10, and 50 cm2/s, respectively, and a back-
ground transmissivity (Tb) of 1 cm2/s is used. In case 2 the
transmissivity is assumed to be the same for the background
and the four blocks (T = 1 cm2/s); storage coefficients of the
four blocks from B1 to B4 are assigned to be 0.006, 0.0006,
0.36, and 0.6, respectively, and the storage coefficient of the
background (Sb) is assumed to be 0.06. Here, we use some
physically unrealistic values for the properties to underscore
the issues we raised earlier. These unrealistic values do not

Figure 6. Estimated transmissivity values, T̂ , from
different observation wells at a radial distance of 84.85
cm and averaged T over four areas around the wells.

Figure 7. Estimated storage coefficient values, Ŝ, from
different observation wells at a radial distance of 84.85 cm
and averaged S over four different areas around the wells.

Figure 8. Layout of pumping and observation wells for
the diagnostic runs.
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invalidate our conclusion. Observation wells are located at
r = 85, 197, and 311 cm in the four directions.
[35] The drawdown time curves from the wells located at

the center of the four blocks (r = 197 cm) are shown in
Figure 9a for case 1. The wells in the blocks with larger T
values feel the drawdown earlier and yield greater draw-
down than the ones with smaller T values at early time.
Behaviors of the drawdown curves are reversed at large
time, suggesting large changes in head in low T blocks and
thus changes in the flow field at large time due to variation
in T. Behaviors of drawdown time curves for case 2 are
illustrated in Figure 9b. In this case, the first arrival of the
drawdown is observed at the well in the block with the
smallest S value. Wells in blocks with large S values feel
less drawdown at all time than those in blocks with small
values. All the drawdown time curves are parallel over the
entire pumping period, indicative of a constant flow pattern.
That is, the flow is controlled by the uniform T and not
affected by variation in block S values.
[36] These results are relatively easy to explain by con-

sidering equation (13) written as:

Dr2hþ Q

S
¼ T

S
r2hþ Q

S
¼ @h

@t
ð17Þ

Here we drop the subscript eff and overhead bar for
convenience. In both cases 1 and 2, the first arrival of the
drawdown is controlled by D and Q/S (notice that Q is
constant). Since S is constant everywhere in case 1, the
difference in arrival time is governed by the variation in
block T values. In contrast, the difference in case 2 is
controlled by the variation in block S values since T is
uniform. At large time, the right-hand side of equation (17)
is negligible and T therefore is the only controlling factor in
both cases. This explains small drawdown in blocks with
large T values in case 1 and the parallel drawdown curves in
case 2 at large times caused by the uniform T field.
[37] Table 1 summarizes T̂ and Ŝ values at large time and

their correlation with T values of blocks in case 1. Values of
T̂ are fairly constant and close to the background T value
and there is no clear correlation between the estimates and
the T values of the blocks where the observation well is

located. While the values of Ŝ are close to the value of the
entire aquifer, they vary and seemingly are affected by the T
value near the observation well, but the relation is unclear.
As the observation well is outside the T block (i.e., r = 85),
the correlation between the block T values and T̂ and Ŝ
values are very high, suggesting T̂ and Ŝ values are
influenced by the T block upstream.
[38] Table 2 tabulates the results of case 2. Values of T̂

and Ŝ are correlated with the block values, when the
observation well is at the center of the block (r = 311 cm).
As the observation well moves toward the edge of the block
(r = 197 cm), the estimated Ŝ still correlates well with the S
value of each block, but to a lesser extent. If the well is
completely outside of the block (r = 85), the Ŝ values are
least correlated with the block S values but are close to the
background value (Sb = 0.06). These results suggest that the
Ŝ values appear to be an average of S values in between
the pumping and the observation wells. Generally, values of
T̂ are very close to the true value (T = 1); they vary and are
influenced by the variation in block S values.

3.5. Cross-Correlation Analysis

[39] Equation (15) is evaluated for given mean values of
T and S (T = 0.0035 m2/s and S = 0.00023), a pumping rate

Figure 9. Drawdown time data plots for (a) case 1 and
(b) case 2.

Table 1. Case 1: Uniform S (0.06), T Background = 1, and Four

Different T Blocks

Ŝ T̂ T (Block)

Correlation

T (Block) and T̂ T (Block) and Ŝ

r = 311
SE 1.4071 0.7703 0.0100 0.4676 0.1940
NE 0.0993 0.5888 0.1000
SW 0.0536 1.0541 10.0000
NW 0.0524 1.0515 50.0000

r = 197
SE 0.1658 0.5637 0.0100 0.4049 0.0059
NE 0.0687 0.7804 0.1000
SW 0.1016 1.1101 10.0000
NW 0.1215 1.0687 50.0000

r = 85
SE 0.0543 0.9917 0.0100 0.6240 0.7554
NE 0.0553 1.0034 0.1000
SW 0.0616 1.1924 10.0000
NW 0.0646 1.2216 50.0000

Table 2. Case 2: Uniform T (1.0), S Background = 0.06, and Four

Different S Blocks

T̂ Ŝ S (Block)

Correlation

Ŝ and S (Block) T̂ and S (Block)

r = 311
SE 1.5713 0.0441 0.0006 0.9952 0.9241
NE 1.5861 0.0463 0.0060
SW 0.8273 0.1337 0.3600
NW 0.7564 0.1774 0.6000

r = 197
SE 1.3576 0.0442 0.0006 0.9931 0.9364
NE 1.3738 0.0456 0.0060
SW 1.0782 0.1076 0.3600
NW 1.0386 0.1366 0.6000

r = 85
SE 1.1789 0.0455 0.0006 0.9367 0.9727
NE 1.1906 0.0455 0.0060
SW 1.2244 0.0512 0.3600
NW 1.2442 0.0520 0.6000
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of 0.2m3/s, and covariance functions of T and S (exponential
model with isotropic correlation scales that are 20 m). A
constant head of 100 m is assigned to all boundary con-
ditions and the initial head is 100 m everywhere in the
domain. Contour maps of the cross correlations between
the head at an observation well at a distance (20 m) from the
pumping well and T everywhere in the domain (i.e., rhT) are
plotted in Figures 10a and 10b for early time (t = 10 s) and
late time (t = 100 s), respectively. The corresponding
maps for the head and the S field are illustrated in
Figures 10c and 10d. At early time, the rhT values are low
everywhere (ranging from 0 to �0.3), with the highest
negative correlation (�0.3) located in between the pumping
and observation wells (Figure 10a). Meanwhile, the cross
correlations between the head and the S field (rhS) range
from 0.1 to 0.7 at early time. They are much greater than
the rhT values. Significantly high rhS values (>0.65) are
confined to the area between the pumping and observation
wells (Figure 10c).
[40] Behaviors of the cross-correlation maps reverse at

late time, however. Values of rhT increase significantly
everywhere (ranging from 0.15 to 0.6) covering the entire
cone of depression (Figure 10b). Conversely, the rhS values
decrease, ranging from 0.04 to 0.18 (Figure 10d). The

spatial pattern of the rhS values remains similar to that at
early time. The pattern of the rhT values at late time is quite
different from that at early time. Highly positive correlations
(>0.45) between the head and the T field are limited to two
regions (A and B) outside the area between the pumping
and the observation well (Figure 10b).
[41] The temporal and spatial distribution of the cross

correlations suggest that at early time the head at the
observation well mainly reflects the S values in the
restricted area between the pumping and observation wells.
The head is also weakly and negatively related to the T in
the same area. In other words, if the observed head at the
observation well is high (or drawdown is small), then the S
of the area between the pumping and observation wells is
certainly high and the T is possibly low. The strong positive
correlation between the head and S is expected because both
D and Q/S are controlled by S as shown in equation (17).
Conversely, T affects D only. This result corroborates the
previous discussion of Figures 9a and 9b. It also explains
the findings for case 2 summarized in Table 2: the corre-
spondence between Ŝ and the S value of each block
decreases, and the Ŝ values approach the background S
value as the well moves toward the pumping well and
outside the block. The increasing correspondence between

Figure 10. The distributions of the cross-correlations between the observed head and transmissivity
field at time = (a) 10 and (b) 100. The distributions of the cross correlations between the observed head
and storage coefficient field at time = (c) 10 and (d) 100.
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T̂ and the S value of each block as the well moves toward
the pumping well, seems to suggest that the effect of S
heterogeneity is accommodated by T̂. More importantly, it
provides the reason why Ŝ values in Figure 7 stabilize to the
local values. These local values are likely the average of S
values in the restricted area.
[42] Conversely, the observed head at large time is

strongly affected by the T values over a large area, in
particular the values at the two regions, and has little
relation with the S field. This explains the results shown
in Figure 6 and case 1 in Table 1. That is, the small
differences between T̂ values estimated from the four wells
at large time are attributed to the fact that the head observed
in each block is influenced by the T values over the entire
domain. The signature of the T of the blocks borne in T̂ , on
the other hand, is caused by the high rhT values in regions A
and B (Figure 10b). More precisely, the high rhT values
behind the observation well explain the increasing correla-
tion (0.624) between T̂ and the block T value as the
observation moves toward the pumping well and outside
the block.

4. Discussion

[43] Our new approaches for estimating the effective T of
an aquifer with multilog Gaussian T and S fields yield the
same results as many previous studies: it is a geometric
mean. On the other hand, the effective S of an aquifer is its
arithmetic mean. These approaches and the finding regard-
ing the effective S are new.
[44] A cross-correlation analysis has also been developed

that yields insight to the meaning of the estimated T and S
from the traditional analysis of aquifer tests. That is, the Ŝ
value obtained from the traditional Theis analysis likely
represents a weighted average of S values mainly over the
region between the pumping and observation wells. This is
an important finding since the storage coefficient is the
parameter for evaluating groundwater reserves in a basin. It
represents the amount of groundwater released from a unit
area of an aquifer per head drop. As an aquifer encompasses
a large area, an incorrect estimate of S can yield a gross
underestimate or overestimate of groundwater availability
of the aquifer. Therefore knowing the true meanings of the
estimate of S from the aquifer test is of critical importance to
groundwater resource management. Further, the narrow
region of high cross correlation between the head and S
fields explains large variability of S estimates from the
traditional analysis of aquifer tests, as reported by previous
investigators.
[45] In contrast to the Ŝ value, the T̂ value is a weighted

average of all T values in the entire domain. This finding
appears to support the inverse radial distance averaging rule
by Desbarats [1992] for effective transmissivity. Compar-
ing with those of S, the weights associated with T are higher
over the entire aquifer, in particular near regions A and B.
Relatively high weights over the entire aquifer imply that T̂
can also be influenced by any large-size or strong anomaly
(e.g., boundaries, faults, etc.) within the cone of depression.
Thus an interpretation of the meaning of T̂ can be highly
uncertain and in turn, our previous assessments of variabil-
ity of transmissivity of aquifers may be subject to serious
doubt. In the Gaussian random medium examined in the

study, T̂ is close to the geometric mean but does not equal
the geometric mean, and is instead influenced by local
values (regions A and B in Figure 10b).
[46] The time-varying spatial variances of the drawdown

(Figure 5) also challenge the traditional analysis of
anisotropy of the effective transmissivity of aquifers.
Traditional analysis of transmissivity anisotropy uses three
observation wells and one pumping well [Papadopulos,
1965] or three wells with alternate pumping locations
[Neuman et al., 1983]. According to the drawdown distri-
bution in Figure 2 and the spatial variances in Figure 5, it is
evident that even though the aquifer is statistically isotropic,
yielding behaviors similar to those in homogeneous aquifers
with large-scale anisotropy, the shapes of the cone of
depressions are highly irregular and influenced by local
heterogeneity. Further, the principal directions of the elliptic
cone of depression change with time as the depression
evolves. Accordingly, a salient question to be asked is:
Would drawdown collected at a few wells be sufficient to
capture the general shape of the cone of depression? Also:
How long does an aquifer test have to last such that a stable
shape of the cone of depression can be captured if it does
stabilize?
[47] Last, our analyses are built upon a 2-D flow model

with horizontally varying T and S. Undoubtedly, analysis
using 3-D models that consider both horizontal and vertical
heterogeneity of aquifers at a multiplicity of scales is most
appropriate. In addition, our cross-correlation analysis is a
first-order approximation. Therefore our analysis is not
impeccable but certainly casts serious doubts about the
validity of traditional aquifer analyses that use drawdown
time data from a limited number of observation wells.
Theis’ analysis has unequivocally played a significant role
in advancing the subsurface hydrologic sciences, but its
validity needs to be questioned when it is applied to a real-
world problem, where aquifers are inherently heteroge-
neous. Likewise, the study of slug tests by Beckie and
Harvey [2002] also indicated that while slug tests are useful
to estimate transmissivities, they yield dubious values for
storage coefficients. Recently developed tomographic sur-
veys [e.g., Gottlieb and Dietrich, 1995; Vasco and Datta-
Gupta, 1999; Yeh and Liu, 2000; Vesselinov et al., 2001;
Meier et al., 2001; Liu et al., 2002; Bohling et al., 2002;
Brauchler et al., 2003; McDermott et al., 2003; Zhu and
Yeh, 2005] seem to be the increasingly preferred methods
for aquifer tests, in particular, hydraulic tomography.
Although most of the hydraulic tomography analyses have
been demonstrated for vertical heterogeneity, hydraulic
tomography can unequivocally be applied to 2-D depth-
averaged aquifer analysis. For example, if several wells are
available in an area, a pumping test can be conducted at one
of the wells and hydrographs can be recorded at the others.
Afterward, pumping can be initiated at a different well and
at the other wells drawdown is recorded, and this process is
repeated for the other wells. Such a sequential cross-well
interference test provides more data sets using existing well
facilities than the traditional aquifer test can. Subsequently,
appropriate inverse modeling [e.g., Yeh et al., 1996; Yeh and
Liu, 2000; Zhu and Yeh, 2005] of these data sets can yield
an estimate of the 2-D heterogeneity pattern in the area,
which is more accurate and useful than hydraulic properties
estimated from the traditional aquifer test and analysis using
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the same well facilities. A program for interpreting a 2-D
hydraulic tomography survey is available at http://www.
hwr.arizona.edu/yeh/download/.

5. Summary and Conclusions

[48] We present two estimation approaches (i.e., distance
drawdown and spatial moment analyses) for Seff and Teff,
which are consistent with Theis’ homogeneous aquifer
assumption. We find that (1) Seff and Teff values evolve with
time, as well as the principal directions of the transmissivity,
(2) Seff approaches the arithmetical mean of the field, (3) Teff
converges to its geometric mean at large time for the
Gaussian random field we generated, and (4) the averages
of local T and S values within the cone of depression at early
times differ from the Teff and Seff values. Both the averages
and effective parameters, however, agree at large times,
indicative of the existence of an REV in our domain if the
pumping time is sufficiently long and there are no other
effects (such as boundaries).
[49] Our numerical experiments and cross-correlation

analysis of T̂ and Ŝ estimates from drawdown time data at
a single observation well, induced by a pumping well, lead
to the following findings. At early time, estimated T̂ and Ŝ
values change with time, deviating significantly from the
geometric means of the fields. The Ŝ values stabilize rather
quickly at the value dominated by the geology between the
pumping and the observation well. At late times, values of
T̂ approach but do not equal the geometric mean, and are
influenced by the location, size, and degree of heterogeneity
as the cone of depression evolves.
[50] Last, we conclude that, because of the inherent

heterogeneity of aquifers, traditional analyses of aquifer
tests that fit the drawdown time data to the Theis-type curve
or Jacob’s approximate solution may yield estimates of the
transmissivity and storage coefficient that are difficult to
interpret. Only if sufficiently long pumping is conducted
does the estimated transmissivity become close to, but still
not equal to, some mean of the aquifer. In contrast, the
estimated S is dominated by the local average S between the
pumping and observation wells. These findings are of great
importance for water resources development and manage-
ment, in addition to water quality protection. A new
generation of aquifer test technologies, such as hydraulic
tomography [Yeh and Liu, 2000; Liu et al., 2002; Zhu
and Yeh, 2005], must be developed and applied to field
problems.
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